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p^i . Abstract 

We continue to study the excited states for the XXZ- spin chain corresponding 
-^ to the complex roots of the Bethe Ansatz equations with the imaginary part equal 

to 7r/2. We propose the particle-hole symmetry which relates the eigenstates build 
up from the two different pseudovacuum states. We find the XXX- spin chain limit 
for the eigenstates with the complex roots. We also comment on the low-energy 
excited states for the XXZ- spin chain. 
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1. Introduction 

In the present paper we study the excited states of the XXZ- spin chain. The Bethe 

£> , Ansatz equations [1] for the XXZ- spin chain have the following form 
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where t a , a = 1, . ..M are the complex parameters (roots) which determine the Bethe 
wave function and the anisotropy parameter A = cos(?7). It is convenient to define the 
following functions: 
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Then the Bethe Ansatz equations take the following form: 

I4(t a ) = 2irn a + Y, <h(t* ~ tj), (2) 

where the quantum numbers n a are integers for M- odd and half-integers for M- even 
(we assume the length of the chain L to be even). For the ground state at the fixed 
magnetization S z = M — L/2 < all the parameters t a are real [2] , while for the excited 
states the part of the parameters t a can be the complex numbers. It is well known that 
for the excited states the complex roots appear in the form of the so-called k- strings 
[3]. However, it is obscure in the literature that the complex roots can appear also in 



the form t a — t' a + in/2, where t' a - is real. These roots constitute the upper half of 
the Brillouin zone for the particles in the XXZ- spin chain. In contrast to the holes we 
refer to these roots as particles throughout the paper. Not long ago the excited states of 
this type have been found for the more general case of the Bethe Ansatz equations for 
the Sine-Gordon model [4]. However in this paper some questions did not received the 
considerable attention. In particular, the limiting case of the XXX- spin chain was not 
considered. In the present paper we continue to study the excited states for the XXZ- 
spin chain corresponding to the complex roots of the Bethe Ansatz equations with the 
imaginary part equal to ir/2. We propose the particle-hole symmetry which relates the 
eigenstates build up from the two different pseudovacuum states. We find the XXX- 
spin chain limit for the eigenstates with the complex roots. We also comment on the 
low-energy excited states for the XXZ- spin chain. 

Let us explain why an arbitrary number of complex roots of the form t a — t' a + iir/2, 
where t' a - is real, can exist. First, consider the limit of the XX- spin chain (rj = tt/2) 
where the system is equivalent to the free fermions. From the equations L<f)(t a ) = n a we 
see that for \n a \ < L/A the root t a is real while for \n a \ > L/A the root t a is complex: 
t a = t' a + iir/2, where t' a - is real. There is the statement that any complex root of the 
equations (1) is accompanied by its complex conjugate. This theorem is not applicable 
to the complex roots considered in the present paper since the ratios in the equations 
(1) do not change when the complex conjugate root is substituted. However clearly 
this theorem shows that these complex roots remain at the line lmt a = n/2 when 
i] is decreased. Second, one can define the function riiit) (see eq.(5) below) obeying 
the condition ni(i Q ) = n a . Thus formally the root t a is the solution of the equation 
71l(£) = n a . Analysing the function ni{t) we find that t a is real when \n a \ < n c , while 
t a — t'a + ^tt/2 (t' a is real) when \n a \ > n c , where n c is some number which depends 
on rj and M. In particular at M — L/2 we have the boundary n c = L/A. Note that 
equally well one can consider the dependence of some quantum number, say rii, on the 
parameter t\ in the equations (2) at the fixed roots t a , a ^ 1. Evaluating the functions 
4>(t), 4>2{t) for the complex arguments we obtain that at M — L/2 at |ni| > L/A we have 
the complex solutions t\ = t[ + iir/2 which leads us to the same conclusion. Thus the 
existence of the complex roots at the axis Imt = n/2 is demonstrated. 

2. Particle-hole symmetry 

Here we introduce the new type of symmetry for the XXZ- spin chain. Namely we 
argue that there is an exact equality between the eigenstates obtained starting from the 
two different pseudovacuum states (spin-up and spin-down states) when the correspond- 
ing quantum numbers are related in a simple way. The equations of this type is the 
manifestation of the so called particle-hole symmetry of the XXZ- spin chain, 

It is well known (for example see [5]) that for the isotropic XXX- spin chain the 



Bethe eigenstates with M > L/2 are exactly equal to zero although the solutions of the 
Bethe Ansatz equations can exist, which is connected with the conservation of the total 
spin of the system. This is not the case for the general XXZ- spin chain. In this case the 
solutions of the equations (1) at M > L/2 can exist and the corresponding eigenstate is 
not zero. Now we observe that each eigenstate for M < L/2 can be obtained in the two 
different ways: either starting from the usual pseudovacuum state with all spins directed 
down or starting from the different pseudovacuum states with all spins directed up. In 
the last case we have the number of the roots £* obeying the same BA equations (1) 
M* = L — M > L/2. The eigenstate is determined by the set of the quantum numbers 
n a , a — 1 . . . M, while the same eigenstate constructed from the different pseudovacuum 
corresponds to the different quantum numbers n*, a — 1 . . . M*. The so called particle- 
hole symmetry gives us the relation between the two sets {n a } and {n*}. In fact let 
us denote by riQi the set of the quantum numbers corresponding to the holes in the 
state given by the set {n a } (all numbers that are absent in the set {n a } on the interval 
(—L/2, L/2)). Then the set {n*} corresponding to the "dual" state is given by the 
following formulas: 

n\ = L/2 -not, (n 0i >0), n* = -L/2 - n 0i , (n 0i < 0), (3) 

where % — 1, . . . M*, M* = L — M. The equations (3) are the exact relations between 
the quantum numbers corresponding to the eigenstates obtained starting from the two 
different pseudovacuum states. The relations (3) for the XXZ- spin chain follow from the 
relations for the XX- spin chain (A = 0) which can be solved using the mapping of the 
spin operators to the fermionic operators ( Jordan- Wigner transformation). Using the 
continuity argument one see that the relations (3) are valid for an arbitrary A (XXZ- spin 
chain) as well. In fact varying A at fixed quantum numbers we see that two eigenstates 
coincide at arbitrary A. We will see below what is going on with the relations (3) for 
the case of the XXX- spin chain (A = 1) where the particle (complex) excitations does 
not exist and for the Bethe eigenstates we always have M < L/2. 

3. Evolution of the eigenstates with particles 

Let us consider the evolution of the eigenstates with particles (complex roots) when 
we vary the parameter r) from rj = n/2 (XX- spin chain) to i] = (XXX- spin chain). 
For example, consider the eigenstate without the holes on the real axis and some number 
of complex roots, such that the total number of roots 

M=^ + k (4) 

fulfills the condition M > L/2 (k > 0). Let us denote symbolically by \<p(R,C)) the 
eigenstate with R real roots (without holes) and C complex roots on the axis Im(t) = n/2 



(t — t' + in/2, t'- is real) corresponding to some quantum numbers (in the following we 
did not write down these quantum numbers explicitly). Let us determine the allowed 
values of R and C for a given value of the parameter 77. In order to find the number of 
real roots R it is convenient to introduce the following function: 



nL(t) = — [L(f>(t) 



£02(*-t, 



(5) 



where the sum at the right-hand side is over all roots. Due to the equations (2) this 
function obeys the following remarkable property: n,L(t a ) = n a . In order to find R one 
can find the maximal allowed quantum number n max . To find this number it is sufficient 
to calculate the critical value n c = til(oo). We use the following limiting values of 
the functions <f>(t), 02 (t)'- 0(±oo) = ±(7T — 77), 2 (±oo) = ±(ir — 2r)). For example, 
consider the case k- odd. In this case the quantum numbers n a are integers and we 
obtain n max = [n c ], where the parenthesis mean the integer part. Then for the allowed 
value of the number of real roots R = 2n max + 1 we finally obtain the equation: 
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(6) 



It is easy to prove that for k- even we obtain exactly the same expression. The number 

of the complex roots 
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C = M-R = 2k-2 
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Thus we obtain the following eigenstate without the holes on the real axis: 
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In the same way at M < L/2 or k = — \k\ < (see eq.(4)) we obtain the similar 
expression for the number of vacancies on the real axis: 
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(9) 



In particular one can see from eq.(9) that the number of holes is always even in the 
general case of the XXZ- spin chain (in the case of the XXX- spin chain this fact was 
observed in ref.[5]). Now let us proceed with studying the eigenstate (8). Let us vary the 
parameter 77 from 77 = 7r/2 to rj = at fixed quantum numbers. For the XX- spin chain, 
77 = 7r/2, the eigenstate (8) takes the form \<p(L/2,k)), so that we have L/2 particles 
with the momenta \k a \ < tt/2 and k particles with the momenta \k a \ > 7r/2, while for 
77 — > the eigenstate (8) takes the form \<f)(L/2 — k,2k)). That means that the roots 
disappear from the real axis and appear on the axis Imt = tt/2. From eq.(8) one can 



see that the first jump takes place at 77 = it /2k where the number of complex roots 
increases by 2, and the next jumps occur at r\ m = (ir/k)(m + 1/2), m > 0. Clearly, first 
the largest root at the real axis goes to the infinity, and then jumps to the infinity at 
the axis Imt = tt/2. We have the following general picture. The jumps of the real roots 
to the line Imt = tt/2 occur because at the given 77 and k the real roots t a correspond 
to the quantum numbers \n a \ < n c , while the complex roots t a = t' a + in/2 correspond 
to the quantum numbers \n a \ > n c . Since the boundary n c depends on 77 and k at 
k 7^ the variation of 77 at the fixed quantum numbers leads to the appearance of the 
new complex roots. Let us note that at infinity at the axis Imt = ir/2 the function 
riL(t) takes exactly the same value n c as at the real axis. Clearly, the jumps of the real 
roots occur when the boundary n c = 77,^(00) becomes an integer or half-integer and the 
corresponding maximal root is pushed to the infinity. One can equally well consider the 
initial eigenstate of the XX- spin chain which contains both the particles (complex roots) 
and the holes in the distribution of roots on the real axis. Clearly when 77 decreases the 
holes will also jump to the line Imt = 7r/2 at the same points. Then the number R will 
be less than that in the state (8) by the number of holes that have not jumped to the 
line Imt = n/2 in the process of the evolution. 

For example consider now the case k — — \k\ < 0. Since now the value of n c increases 
with decreasing of 77 (see eq.(9)) the roots and the holes jump down from the line 
Imt = 7r/2 to the real axis. Clearly, if there are no complex roots in the initial state, 
then they cannot appear in the final state. If in the XX- spin chain limit there are both 
the particles and the holes, then in the final state we still have L/2 + \k\ real vacancies 
and M = L/2 — \k\ roots. Then at the real axis we have the holes of the two types and 
the part of the particles that have jumped downwards. Clearly, the remaining particles 
(complex roots) are transform into S + - operators in the limit of the XXX- spin chain 
(see the next Section). 

4. XXX- limit of the states with particles 

The XXX- spin chain does not have the complex roots described in the present paper. 
Let us determine the eigenstates of the XXX- spin chain which are the final result of the 
evolution at 77 — y of the states (8) of the XXZ- spin chain. At arbitrary k and 77 — y 
the eigenstate (8) takes the form \<p(L/2 — k, 2k)), where L/2 — k real roots occupy all 
vacancies on the real axis, and 2k complex roots correspond to some quantum numbers 
Hi, \rii\ > L/A — k/2, which are not indicated explicitly. We observe that at 77 — y all 
the real roots are of order of r\ (the maximal root is ~ ?7lnL) , while the complex roots 
are at finite distance from zero. One can see that at 77 — y the operator B(t), which 
creates particles in the framework of the Algebraic Bethe Ansatz method, behaves as 

B(t)\ t _ fvxed ^r ] f(t)S + + 0(r ] 2 ), 



where /(£) is some function. That means that at rj = all complex roots lead to the 
operators S + acting on the eigenstates of the XXX- spin chain. The same phenomenon 
can be predicted in the framework of the Coordinate Bethe Ansatz taking into account 
the behaviour of the function <p(t) = <fi{t+m/2) at r\ — > 0. In fact in this limit the function 
4>(t) takes the form cj>{t) = 7rsign(t) and the momenta k a = <f)(t a ) in the Coordinate Bethe 
Ansatz corresponding to the complex roots take the values ±7T. Thus we obtain: 

|0(L/2 - k, 2k)} -». (S+) 2fe |0(L/2 - k))fi x . (10) 

The eigenstate of the XXX- spin chain at the right-hand side of eq.(10) contains L/2 — k 
roots. That means that the number of vacancies for the real roots for the XXX- spin 
chain is equal to L/2 + k. That means that there is 2k holes in this state, which is 
indicated in eq.(10). Clearly, the positions of these 2k holes are determined by the 
positions of 2k complex roots in the state at the left-hand side of the equation (10). 
Namely, the quantum numbers of the holes are: n$i = L/2 — rii {rii > 0), n 0i = —L/2 — rii 
(rii < 0). One can come to the same conclusion using the following arguments. Using 
the particle-hole symmetry (see Section 2) one can see that the eigenstate at the left- 
hand side of the equation (10) in the limit 77 — ?► takes the form |0(L/2 — k)) X xx with 
the holes at the positions noi- At the same time it is clear that this state coincide with 
the eigenstate at the right-hand state of eq.(10), since the states \4>{L/2 — k)) X xx an d 
\(j)(L/2 — k)) X xx belong to the same spin multiplet. Thus we come to the conclusion 
that the equation (10) is true. We find that the equation (10) follows from the particle- 
hole symmetry. Since in the presence of the complex roots the Bethe Ansatz equations 
(2) for the XXZ- spin chain do not become the Bethe Ansatz equations for the XXX- 
spin chain in the limit 77 — ^ 0, the quantum numbers for the the XXZ- spin chain and 
the quantum numbers for the state (10) are different. In fact let us denote by rii the 
quantum numbers corresponding to the complex roots for the XXZ- spin chain close to 
the point rj = 0. Let us denote by t\ the real parts of the corresponding complex roots. 
Then for the real roots t a the Bethe Ansatz equations for the XXZ- spin chain close to 
the point i] = take the form: 

L(f)(t a ) = 2irn a + £ fa(t a - t 7 ) + £ f(t a - t[), (11) 

where the functions (f>(t), fait) correspond to the functions close to the point of the 
XXX- spin chain and the function fit) = 7rsign(t). Here the quantum numbers n a 
correspond to the state with no holes. From the equation (11) one can see that there 
is the holes in the eigenstate of the XXZ- spin chain which turn to the eigenstate (10) 
in the limit 77 — >■ at the positions related to the XXZ- spin chain parameters t^ = t\. 
Then the positions of the holes n^i corresponding to the parameters to« in the XXZ- spin 
chain obey the condition noi = L/2 — rii (^i > 0) in agreement with the predictions 
of the particle-hole symmetry (3). Using the Fourier transforms of the derivatives of 



the functions riiit) denned for the real roots (nx,(ioi) — n oi) and nx,(t) = nt(i + «7r/2) 
(^l(^) = ^j) one can confirm these relations explicitly up to the terms of order of 0(1). 
Thus one can see how the holes in the eigenstate of the XXX- spin chain in the equation 
(10) can appear. Thus we see how the eigenstates of the XXZ- spin chain with particles 
(complex roots) transform smoothly into the eigenstates of the XXX- spin chain in the 
limit 77 — ^ 0. 

Let us describe the low-energy excited states of the XXZ- spin chain corresponding 
to the small values of k (4). First consider the case k = 1 which corresponds to the 
one extra particle (complex root). However in this case according to the equation (6) 
the number of vacancies on the real axis become L/2 — 1 which means that one extra 
real root becomes complex. As a result we have the state with two complex roots 
(two particles) and L/2 — 1 real roots. The dispersion relation corresponding to the one 
particle (complex root) can be obtained in the same way as for the one hole (for example 
see [6]). The calculations show that the dispersion relation is identical to the dispersion 

relation of one hole: 

. . TV sm(ri) . . . ._, 

<P) = ^— smp. 12 

2 7] 

The total energy and the momentum are AE = e(pi) + e(p 2 ), AP = p 1 +p 2 , where p±, p 2 
are the momenta of two particles. Next, consider the case k = 0. Clearly in this case the 
number of vacancies at the real axis is L/2 and the low-energy excitations correspond to 
the one particle and one hole. The energy and the momentum of this state are exactly 
the same as in the previous case. Now p\ and p 2 are the momenta of the particle and 
the hole. Finally at k = —1 we have the state with two holes which has the same energy 
and the momentum as for the two particles. 

Finally, let us note that the particle states plays an essential role in the derivation 
of the so called Luttinger liquid relation [7] for the XXZ- spin chain. In fact one should 
take into account that the extra numbers of particles at the left and the right Fermi- 
points can be positive or negative. Clearly in the case of the positive sign one needs the 
complex roots (particles) to derive the Luttinger liquid relation completely. 

5. Conclusion 

In the present paper we stressed that for the XXZ- spin chain there is a large amount 
of the eigenstates connected with the complex roots with the imaginary part equal to 
7r/2. We have studied the evolution of the states with the complex roots with varying the 
anisotropy parameter. We have determined the XXX- spin chain limit of these states. 
We also proposed the particle-hole symmetry relations between the quantum numbers 
of the state corresponding to the two different pseudovacuum states. Our results are 
important both for the determination of the low-lying particle-hole excitations and for 
the derivation of the Luttinger liquid theory relation for the XXZ- spin chain. 
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